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Uniform peak optical conductivity in single-walled carbon nanotubes
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Recent Rayleigh scattering measurements show that all single-walled carbon nanotubes have a peak optical
conductivity of approximately 8 e2 / h, independent of radius, chiral angle, or whether the nanotube is
semiconducting or metallic [D. Y. Joh et al., Nat. Nanotechnol. 6, 51 (2011)]. We show that this uniform
peak conductivity is a consequence of the relativistic band structure and strength of the Coulomb interaction in
carbon nanotubes. We also show that a simple exciton model accurately describes the general phenomenology
and the numerical value of the peak optical conductivity. Our work illustrates the need for careful treatment of
relaxation mechanisms in modeling the optoelectronic properties of carbon nanotubes.
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I. INTRODUCTION

Rayleigh scattering is a useful tool for studying the optical
resonances of carbon nanotubes.1,2 Using a new on-chip
Rayleigh scattering technique, Joh et al. recently measured the
peak optical conductivity for a variety of transitions in semiconducting and metallic nanotubes.3,4 The sample included the
second, third, and fourth exciton transitions in semiconducting
nanotubes (S22 , S33 , and S44 ) and the ﬁrst and second exciton
transitions in metallic nanotubes (M11 and M22 ). The data
obtained reveal a surprising phenomenon: the peak optical
conductivity is independent of the nanotube radius and narrowly distributed around σ∗ = 8 e2 / h. The data are shown in
Fig. 1.
The uniform response on resonance illustrated in Fig. 1 is
signiﬁcant because many physical properties of a nanotube
depend strongly on its chiral index, the pair of integers that
deﬁnes the arrangement of atoms in a nanotube. For instance,
the wavelengths at which optical resonances occur are so
strongly correlated with nanotube geometry that they can be
used to identify the chiral indices of individual nanotubes in
a sample.5 In contrast, Joh et al. observed that, on resonance,
all nanotubes responded like classical wires with the same
conductivity.
In this paper, we explore the origin of this uniform peak
conductivity. First, we show that linear response theory for
the effective Dirac model of a carbon nanotube predicts a
peak conductivity that is independent of the nanotube radius
R whenever quasiparticle energies are proportional to 1/R and
quasiparticle lifetimes are proportional to R. Next, we examine
the lifetimes associated with several common scattering
mechanisms in carbon nanotubes. We ﬁnd that a simple exciton
model with interband Coulomb scattering accounts for all the
qualitative features of the data and provides an accurate estimate of the peak conductivity, while phonon and impurity scattering introduce only minor corrections. Finally, we discuss the
limitations of this simple model for the lowest exciton transitions and for nanotubes with small diameters. Our analysis
suggests that a uniform peak conductivity should be observable
over a wide range of experimental conditions. Furthermore, it
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illustrates the importance of an accurate model of relaxation
mechanisms in numerical studies of nanotube properties.
II. PEAK OPTICAL CONDUCTIVITY

Our starting point is the low-energy approximation to the
tight-binding Hamiltonian for a carbon nanotube, which is a
massless Dirac equation6
H = h̄vF q · σ ,

(1)

where vF is the Fermi velocity and q describes small displacements from the corners of the Brillouin zone of graphene. R
is the only relevant length scale and deﬁnes a natural energy
scale
E0 = h̄vF /R.
(2)

The eigenvalues of H are ±E0 (kR)2 + 2 , where k is the
wave vector along the nanotube axis and  is the gap parameter. In metallic nanotubes,  = N , and in semiconducting
nanotubes,  = N ± 1/3. The band index N is an integer.
Scattering in nanotubes is dominated by light polarized
along the nanotube axis,7 which implies that the relevant
quasiparticles are direct excitations of the form

†
|n =
An,k ck vk |,
(3)
k

where c creates a conduction electron, v † creates a valence
electron, and | is the ground state of ﬁlled valence orbitals.
The excitation of a valence electron to the conduction band
at wave vector k0 is described by setting An,k to δk0 ,k . The
free-particle model can be extended to include the Coulomb
interaction,8 in which case the states deﬁned by Eq. (3) form
the basis of a single-band exciton model. The coefﬁcients
An,k and exciton energies En are obtained as eigenvectors
and eigenvalues of a Bethe-Salpeter equation. A single-band
model such as this is sufﬁcient to describe direct excitons
(Sii and Mii ) in carbon nanotubes.9 Moreover, the scaling of
the exciton size and binding energy within this model agrees
with the results of ab initio calculations to leading order in

125428-1

†

©2011 American Physical Society

KINDER, CHAN, AND PARK

PHYSICAL REVIEW B 84, 125428 (2011)

Equation (4) may be simpliﬁed further by introducing a
dimensionless oscillator strength8
fn = 2m∗

|n|v̂||2
.
En

(6)

The effective mass m∗ is deﬁned by E0 = m∗ vF 2 . The
oscillator strengths for the solutions of the Dirac Hamiltonian
satisfy a sum rule

L
,
(7)
fk =
πR
k

FIG. 1. Optical conductivity on resonance as a function of
nanotube diameter, as measured by Joh et al. (Ref. 4). The mean
value is 8 ± 1.5 e2 / h, independent of the diameter.

R.10,11 Therefore, a model based on Eq. (3) should accurately
describe the dependence of the optical conductivity on the
nanotube radius to leading order in R. [There are corrections
of order 1/R 2 to the exciton energies predicted by the Dirac
model; there are also 1/R 2 corrections to the exciton lifetime,
as discussed in Sec. IV. Thus, corrections to predictions based
on this model are expected to vanish as d/R tends to zero,
where d is the carbon-carbon bond distance.]
At the level of linear response theory, the conductivity is
given by the Kubo formula
σ (ω) =

h̄ω + ih̄n
h̄e2  |n|v̂||2
.
iπ RL n
En
En2 − (h̄ω + ih̄n )2

(4)

v̂ is the velocity operator projected along the nanotube axis,
and n = 1/τn , where τn is the lifetime of the excited state.
If |n were eigenstates of the Hamiltonian in the absence of
an applied ﬁeld, n could be replaced by an inﬁnitesimal
to enforce causality. In practice, the exact eigenstates are
never known. A broadening parameter 1/τ is often introduced
to account for relaxation. However, τ is not arbitrary: the
broadening determines the optical conductivity on resonance,
and different scattering mechanisms lead to qualitatively
different quasiparticle lifetimes.
Although the conductivity is a tensor, only the surface
current along the axis due to an electric ﬁeld applied along
the axis is considered here: σ (ω) ≡ σzz (ω). Equation (4) gives
the conductivity of a single band. The total conductivity is
multiplied a factor of 2 for spin and a factor of 2 for the K and
K  points.
The Kubo formula may be simpliﬁed by scaling all
energies by E0 and rewriting the expression in terms of the
dimensionless parameters
w = h̄ω/E0 , xn = En /E0 ,

yn = h̄n /E0 .

(5)

which follows from Eq. (6) when the sum over k is approximated by an integral. This sum rule also applies to excitons
based on the free electron solutions of the Dirac equation.
Thus, fn = φn L/π R, where φn is the fractional oscillator
strength of the exciton transition.
Expressed as a function of the dimensionless parameters of
Eq. (5) and the fractional oscillator strength, the Kubo formula
becomes
e2 1 
w + iyn
σ (ω) =
φn 2
.
(8)
h iπ n
xn − (w + iyn )2
This expression implies σ (ω) = G(w; λ) · e2 / h, where G
is a dimensionless function and λ is a set of dimensionless
parameters derived from {xn }, {yn }, and {φn }. On resonance, w
is a function of the other parameters so that σ∗ = G∗ (λ) · e2 / h.
As we explain below, φn is independent of the nanotube radius.
Therefore, if xn and yn are independent of the nanotube radius,
then so is the peak conductivity. Equation (5) implies that xn
and yn are independent of the nanotube radius if En and n are
proportional to 1/R, proving our central result: If quasiparticle
energies are inversely proportional to the nanotube radius
and quasiparticle lifetimes are proportional to the nanotube
radius, then the conductivity on resonance is independent of
the nanotube radius.
These arguments can be extended to multiple bands, indirect excitations, and unbound electron-hole pairs. [Although
the fractional oscillator strength is no longer proportional to
L/R for unbound electron-hole pairs, transforming the sum in
Eq. (4) into an integral over k leads to the same result.]
Quasiparticle energies will be proportional to 1/R as long
as Eq. (1) is a good approximation to the true single-electron
Hamiltonian. The approximate many-body Hamiltonian is
H=


i

h̄vF σ ·


e2
∂
,
+
∂ri
κ|ri − rj |
i<j

(9)

where κ describes static screening from the environment and
other bands of the nanotube. This Hamiltonian can also be
expressed as



1
h̄vF 
∂
,
(10)
H=
σ·
+α
R
∂ξ i
|ξ i − ξ j |
i
i<j
where ξ i = ri /R and α = e2 /2π κh̄vF is an effective ﬁne
structure constant. Since the operator in parentheses is independent of R, its spectrum and eigenvectors are independent
of R. Thus, quasiparticle energies are proportional to 1/R,
and quasiparticle wave functions are universal functions of
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α, independent of R. (This also implies that the fractional
oscillator strength is independent of R.) Because the inverse
relation between the energy and the radius is a consequence of
the relativistic band structure of Eq. (1), the ﬁrst requirement
for a uniform peak conductivity is not satisﬁed by all quantum
wires and the effect may be speciﬁc to carbon nanotubes.
The second requirement for a peak conductivity that is
independent of the nanotube radius is that quasiparticle
lifetimes be proportional to the radius. Quasiparticle lifetimes
arise from interactions not included in the Dirac equation, so
the scaling arguments that ensure the energy scales as 1/R do
not apply to the lifetime. Each interaction must be analyzed to
determine how its contribution to the lifetime scales with the
radius. In the next section, we show that quasiparticle lifetimes
are not proportional to R in general, but intrinsic scattering
mechanisms such as the Coulomb interaction and scattering
from low-energy phonons do satisfy the second requirement.
III. QUASIPARTICLE LIFETIMES

The lifetime of a state |n due to a potential V can be
estimated from Fermi’s golden rule:

|Vm,n |2 δ(Em − En ).
(11)
n = (2π/h̄)
m=n

The scattering rate can be factored into a product of two
quantities
(E) = 0 γ (E).

(12)

All of the dimensional quantities are factored out of the sum
and collected into the base scattering rate 0 , and γ (E) is a
dimensionless function deﬁned by the scaled sum. Regardless
of the analytic form of γ (E), the quasiparticle lifetime will
be proportional to the radius if 0 is proportional to 1/R and
γ (E) is independent of R.
Below, we analyze Coulomb scattering, phonon scattering,
and impurity scattering. The Coulomb interaction largely
determines the photophysics of carbon nanotubes. The absorption of a photon produces a particle-hole pair, and
these charged particles interact strongly through their mutual
Coulomb attraction. The interaction between particles and
holes in the same band leads to strong exciton binding, and
interband scattering gives the exciton a ﬁnite lifetime.12 Other
interactions also contribute to the exciton lifetime and may
account for some of the spread in the data of Fig. 1. Intrinsic
sources of scattering include phonons and lattice defects.
External perturbations such as the substrate, applied ﬁelds,
or atoms adsorbed on the surface of the nanotube also affect
the conductivity.
A. Coulomb scattering

Kane and Mele considered interband Coulomb scattering
in carbon nanotubes in Ref. 12. Adapting their analysis to
Eq. (12), the base scattering rate is
h̄0 = α 2 E0 ,

(13)

and γ (E) is independent of R. Therefore, excitons that decay
via interband Coulomb scattering will give rise to a peak
conductivity that is independent of the radius. In fact, interband
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Coulomb scattering is sufﬁcient to account for all of the
qualitative features of the data: In a single-band exciton model
with dissociation due to interband Coulomb scattering, the
peak conductivity is independent of the radius, does not
depend strongly on the transition responsible for the resonance,
and is approximately equal in semiconducting and metallic
nanotubes. Moreover, the value of the peak conductivity
derived from the expression above is consistent with that
measured by Joh et al.
If all the oscillator strength of a band were localized
in a single exciton transition and γ (E) = 1, then the peak
conductivity would be
σ∗ =

e2 2κ 2
,
h π α0 2

(14)

where α0 = e2 /2π h̄vF ≈ 0.42, and κ is the dielectric constant
of the environment. The experimental measurements shown
in Fig. 1 were taken on a quartz substrate in glycerol (n =
1.46). Setting κ = n2 gives a maximum conductivity of σ∗ ≈
16 e2 / h. Not all of the oscillator strength is localized in a single
exciton transition, but ab initio calculations indicate that the
lowest exciton transition accounts for 50% to 70% of the total
oscillator strength.10 The lower end of this range gives a peak
conductivity of 8 e2 / h, consistent with the experiment.
For most of the transitions probed in the experiment, γ (E) is
close to 1, and the expression above gives an accurate estimate
of the peak conductivity. However, Eq. (14) does not apply
to the peak conductivities of the S11 and S22 transitions in
semiconducting nanotubes. We discuss this in the next section.
Another feature of the data that emerges from the exciton
model is the similar peak conductivities in semiconducting
and metallic nanotubes. The bands in metallic nanotubes are
twofold degenerate, which suggests the peak conductivity of
metallic nanotubes could be twice that of semiconducting
nanotubes. However, screening in metallic nanotubes reduces
the exciton binding energy and oscillator strength, which leads
to similar peak conductivities in metallic and semiconducting
nanotubes.
A single-band exciton model with dissociation due to
interband Coulomb scattering accounts for all the qualitative
features of Fig. 1, and Eq. (14) can be used to estimate the peak
conductivity in different dielectric environments. Phonon and
impurity scattering will introduce minor corrections to these
estimates.
B. Phonon scattering

Electron-phonon interactions are another signiﬁcant source
of scattering in carbon nanotubes.13–17 The excitation of
a phonon deforms the carbon lattice, which introduces an
effective potential to the Dirac Hamiltonian of Eq. (1).6,18
Variations in the lattice charge density can produce a scalar
deformation potential, and bending and stretching of bonds can
introduce an effective gauge potential. Because the orientation
of the bonds with respect to the axis of a nanotube depends on
its geometric structure, the gauge potential and the associated
phonon scattering rates depend on the chiral angle θc . The
estimates of the contribution of phonon scattering to the peak
conductivity given below are based on the effective potentials
of Ref. 18.
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At room temperature, only the low-energy phonons are
populated: the acoustic modes and the radial breathing mode.
There are four acoustic modes in carbon nanotubes. The
longitudinal acoustic (LA) modes compress and expand the
lattice along the nanotube axis. The transverse acoustic (TA)
or twist modes rotate the lattice about the nanotube axis. Both
of these modes have a linear dispersion relation ωq = cq,
where c is the sound velocity. These modes do not carry any
angular momentum and lead to small-momentum scattering
within a band. The two ﬂexure modes bend the nanotube in
the plane of its axis. These modes have a quadratic dispersion
relation ωq = cq 2 R, where c has units of velocity. These
modes carry one quantum of angular momentum and mediate
interband transitions. The radial breathing mode (RBM) is a
periodic variation in the radius of a nanotube along its axis. Its
frequency is inversely proportional to the nanotube radius. At
small wave vector, ωq ≈ c/R, where c has units of velocity.
For the acoustic modes and the RBM, c is on the order of
10 km/s.18–20
The scattering rates of the RBM, LA, TA, and ﬂexure modes
all have the same general form. In the high-temperature limit,
the base scattering rate is
h̄0 =

g 2 kB T
.
4π h̄ρ0 c2 vF R

(15)

In the zero-temperature limit,
h̄0 =

g2
.
4πρ0 cvF R 2

of different phonon modes to the peak conductivity. The
contribution of the RBM should show a crossover to radiusdependent scaling as the temperature is reduced, and the
contribution of the other acoustic modes should scale linearly
with temperature. At room temperature, these variations
should be on the order of a few percent of the peak conductivity.
Optical phonons also introduce a gauge potential to the
Dirac Hamiltonian, and their contribution to the scattering
rate can be calculated within the same theoretical framework.
(Optical phonons do not contribute to the scalar potential.
The motion of the two sublattices is out of phase, so there is
no long-wavelength variation in the lattice charge density.)
The dispersion relation of an optical phonon is constant
for small wave vectors: ω = 0 . Unlike the acoustic modes
and the RBM, the dispersion relation is independent of the
nanotube radius. The resulting scattering rates do not satisfy
the criteria for a uniform peak conductivity. γ (E) depends on
R0 /vF for all optical phonon scattering processes, which
leads to nonuniform scaling of quasiparticle lifetimes with the
nanotube radius. In addition, the base scattering rate 0 does
not scale as 1/R for some optical modes.
Only the zero-temperature limit is relevant for optical
phonons: for the LO and TO modes, h̄0 ≈ 200 meV, and
the optical analog of the RBM, the RO mode, has h̄0 ≈
100 meV.20 The base scattering rate for the LO and TO modes
is
h̄0 =

(16)

Here, g characterizes the strength of the electron-phonon
interaction, T is the temperature, and ρ0 is the mass density
of the graphene lattice. γ (E) of Eq. (12) depends on the
ratio of the phonon and Fermi velocities c/vF and the chiral
angle θc , but not R. As a result, the contribution of these
modes to the peak conductivity is independent of the radius
in the high-temperature limit. Although a single parameter g
appears above, the strength of the deformation potential is on
the order of 20 eV, while the gauge potential is of order 2 eV.18
As a result, the LA and RB modes, which contribute to the
deformation potential, generally have larger scattering rates
than the other modes.
The base rate of acoustic and RBM phonon scattering is
roughly two orders of magnitude smaller than the rate of
interband Coulomb scattering. For a dielectric with κ ≈ 2,
Eq. (13) gives a base Coulomb scattering rate of h̄c ≈
20 meV. Taking g ∼ 20 eV (for phonon modes that contribute
to the deformation potential) gives h̄ph ≈ 0.6 meV, or
about 3% of the Coulomb scattering rate. The scattering
rate of modes that only contribute to the gauge potential,
the TA and ﬂexure modes, is smaller by two orders of
magnitude. Although there is some uncertainty in the strength
of the electron-phonon coupling, measurements of the dc
conductivity in metallic nanotubes give a room-temperature
acoustic phonon scattering rate of h̄ph ≈ 1 meV,14 about
5% of the interband Coulomb scattering rate. Thus, the peak
conductivity is probably determined primarily by interband
Coulomb scattering, with small variations due to scattering
from acoustic and RBM phonons.
Analyzing variations in the peak conductivity as a function
of temperature might provide a way to extract the contributions

g2
,
4πρ0 0 vF Rd 2

(17)

where d ≈ 0.15 nm is the carbon-carbon bond length. For a
nanotube with a radius of 1 nm, h̄0 ≈ 10 μeV. For the RO
mode,
h̄0 =

g2
,
4πρ0 0 vF R 3

(18)

which is smaller than the base rate of the LO and TO modes
by two orders of magnitude. Although optical modes violate
the conditions required for a uniform peak conductivity, their
contribution to the overall scattering rate is negligible.
C. Impurity scattering

Short-range potentials in the nanotube or its environment
provide another source of scattering. A potential with a range
smaller than the nanotube radius can be approximated as a
two-dimensional impurity, i.e., a pointlike defect on the surface
of the nanotube: V (r) ≈ V0 a 2 δ(r), where a  R is the range
of the potential. This might represent a topological defect in
the lattice, a substitution impurity at a lattice site, or an atom
adsorbed on the surface of the nanotube. [If the potential affects
the two sublattices differently, the scalar V0 can be replaced by
a 2 × 2 matrix V0 n̂ · σ . This does not affect the base scattering
rate 0 , but may introduce some dependence on the chiral
angle in γ (E).] Incoherent elastic scattering from identical
impurities gives a base scattering rate proportional to 1/R:
h̄0 =

νa 4 V0 2
,
2π h̄vF R

where ν is the surface defect density.
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A longer-range potential that is nearly uniform around
the circumference of a nanotube, but whose range is small
compared with the wavelength of a particle (ka
1), may
be approximated by a one-dimensional impurity potential:
V (r) ≈ aV0 δ(z). Here, V0 is the average potential around
the circumference. This potential might approximate a charge
defect in the substrate or a local gating potential. The resulting
scattering rate is independent of the radius
h̄0 =

λa 2 V0 2
,
h̄vF

(20)

where λ is the linear defect density.
For elastic scattering processes, γ (E) of Eq. (12) is independent of the nanotube radius. However, impurity scattering
will be inelastic if it involves an Auger process or leads to
the excitation of a vibrational mode, an atomic transition,
or a change in the molecular conﬁguration of the scattering
center. For inelastic scattering processes that involve an
internal excitation of the impurity with energy h̄0 , γ (E)
depends on R0 /vF , violating the conditions for a uniform
peak conductivity. Thus, elastic scattering from short-range
2D impurities contributes to a peak conductivity that is
independent of the radius; inelastic scattering and long-range
impurity scattering contribute to a peak conductivity that
depends on the radius.
To estimate the importance of impurity scattering, we
consider a short-range impurity with V0 = 1 eV and a range
of 1 Å. An extremely high defect density of 1 per nm2
then gives a scattering rate that is smaller than the Coulomb
scattering rate by three orders of magnitude. For a long-range
impurity with a range of 1 nm, a density of 1 per μm is
necessary to generate a scattering rate comparable to that of
interband Coulomb scattering. The high mobilities observed in
dc transport measurements suggest that impurity scattering of
any type is insigniﬁcant compared with phonon scattering.13,14
Under typical experimental conditions, defect densities are
probably too low to have a signiﬁcant effect on the peak
conductivity.
IV. DISCUSSION

We have demonstrated that the peak conductivity will be
independent of the radius of a carbon nanotube if quasiparticle
energies are proportional to 1/R and quasiparticle lifetimes are
proportional to R. We have also showed that a simple exciton
model with dissociation due to interband Coulomb scattering
can account for most features of the experimental data. In
this section, we address the limitations of this simple model.
Signiﬁcant deviations are possible in two cases. First, trigonal
warping will introduce chiral angle-dependent variations in
the peak conductivity. Second, the peak conductivity of the
two lowest excitons in a semiconducting nanotube could be
signiﬁcantly greater than that of higher excitations.
Trigonal warping refers to corrections to Eq. (1) that break
the full rotational symmetry of the graphene spectrum near
the Dirac points down to the threefold rotational symmetry of
the underlying honeycomb lattice. This introduces corrections
to the dispersion relation of carbon nanotubes of order
E0 d/R, where d is the carbon-carbon bond length. The Dirac
Hamiltonian is a good approximation to the true Hamiltonian
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for a nanotube with a radius much larger than the lattice spacing
lattice spacing, but when the radius is smaller than about 1 nm,
corrections due to trigonal warping are signiﬁcant, especially
in higher subbands.
Trigonal warping is responsible for 1/R 2 corrections to
the 1/R scaling of exciton energies.9–11 Since most of the
oscillator strength is concentrated in a single exciton transition,
shifts in the exciton energies have little effect on the peak conductivity. However, trigonal warping also introduces variations
in exciton lifetimes, and this will lead to variations in the peak
conductivity that depend on the chiral angle and decrease as
the nanotube radius increases. This could explain some of the
spread in Fig. 1, but the small sample size and limited range of
diameters are insufﬁcient to establish any deﬁnite relationship
between variations in the peak conductivity and the radius or
chiral angle of the nanotubes. (The structural information for
the nanotubes in the sample can be found in the supplemental
information of Ref. 4.)
In addition to trigonal warping, differences in the decay
channels available to low-lying excitons could lead to significant deviations from a uniform peak conductivity. The data
set in Fig. 1 consists primarily of S33 , S44 , and M11 transitions.
Although the peak conductivities of these transitions show a
surprising degree of uniformity, this does not imply that all
exciton transitions will have a peak conductivity of 8 e2 / h.
The S22 transition could have a larger peak conductivity than
higher-lying excitons, even though the dominant relaxation
mechanism is interband Coulomb scattering. The lifetime of an
exciton can be approximated by the lifetime of a particle-hole
pair at the band edge, as in Ref. 12. For a transition between
bands m and n,


m 2 2
2
I|m−n| (ξ ) K|m−n|
(ξ ),
(21)
γnm ∝ 1 +
n
where ξ 2 = 2n − 2m , and In (x) and Kn (x) are modiﬁed
Bessel functions. The total scattering rate for an exciton is
given by the sum of the rates for transitions to all bands
with |m | < |n |. Except for the two lowest-lying excitons
in semiconducting nanotubes, this sum is close to 1: for the
S33 , S44 , M11 , and M22 excitons, its value is between 0.7 and
1.2. This is consistent with the uniform peak conductivities in
Fig. 1.
For the S22 exciton, only scattering into the lowest band
is allowed by conservation of energy. Although the base
scattering rate 0 is the same for S22 and higher-lying excitons,
the scattering rate is smaller because the gap parameters of the
ﬁrst and second bands have opposite signs. This leads to a
small value of γ (E) in Eq. (21). In contrast, all higher-lying
excitons have at least one decay channel into a band with a gap
parameter of the same sign. Because the dominant contribution
to the exciton lifetime is interband Coulomb scattering, the
peak conductivity of S22 transitions is expected to be uniform
across a sample of nanotubes with different diameters and chiralities. However, Eq. (21) predicts that it will be three to four
times larger than that of higher-lying excitations. The single
S22 transition in Fig. 1 has a peak conductivity of 10.8 e2 / h.
This is larger than the mean, but smaller than predicted by the
Dirac model. Corrections due to trigonal warping may account
for this discrepancy: the nanotube has a radius of just 0.35 nm.
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Due to conservation of energy, the S11 exciton can not decay
via interband Coulomb scattering. Thus, the estimate of the
peak conductivity in Eq. (14) does not apply. The important relaxation pathways for this exciton are not fully understood. At
high exciton densities, two-exciton Auger recombination is the
dominant mechanism.21 At low exciton densities, possibilities
include nonradiative recombination mediated by phonons or
free electrons and holes.22,23 Depending on the decay channel,
the peak conductivity of the S11 exciton may not be uniform
across a nanotube sample, and may differ signiﬁcantly from
8 e2 / h. No experimental data are available for this transition.
For nanotubes with diameters on the order of 1 nm, the S11
transition lies in the infrared, and this region of the spectrum
has not been probed in Rayleigh scattering measurements.
V. CONCLUSION

To summarize, we have shown that linear response theory applied to the effective Dirac Hamiltonian for carbon
nanotubes predicts a peak conductivity that is independent
of the nanotube radius whenever quasiparticle energies are
inversely proportional to the nanotube radius and quasiparticle
lifetimes are proportional to the radius. The relativistic band
structure of carbon nanotubes leads to quasiparticle energies
that are proportional to the fundamental energy scale h̄vF /R,
and exciton dissociation due to interband Coulomb scattering
is consistent with both the uniformity and mean value of the
peak conductivities measured by Joh et al.4 Phonon scattering,
impurity scattering, and trigonal warping may account for
variations between nanotubes probed in the experimental
sample. Furthermore, the peak conductivity of S11 and S22
excitons could be signiﬁcantly larger than 8 e2 / h due to
differences in the available decay channels.
Our analysis suggests that the peak conductivity at optical
wavelengths will be uniform over a wide range of experimental
conditions: it will be the same for all nanotubes in a sample,
independent of diameter, chiral angle, or whether the nanotube
is semiconducting or metallic. The peak conductivity is not
universal, however, and may depend on factors such as the
dielectric environment, temperature, or doping.
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